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Abstract 

By introducing suitable non-isospectral flows we construct two sets of symmetries for the 
isospectral differential-difference Kadomstev-Petviashvili hierarchy. The symmetries form an 
infinite dimensional Lie algebra. 
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1 Introduction 

Searching for symmetries and Lie algebraic structure is an important and interesting topic 
in integrable systems[lj. Variety of methods have been developed to obtain infinitely many 
■ symmetries and their Lie algebraic structures for Lax integrable systems [2]-|15j. for both (1+1)- 

dimensional and high-dimensional cases. One of efficient ways is to use Lax representation of 
isospectral and non-isospectral flows (cf. [I]-[7j,[lTJ [P2]), rather than recursion operators, and 
this approach has been extended to high dimensional continuous integrable systems [15]. 

In this paper, we consider the symmetries and their Lie algebra for the differential-difference 
Kadomstev-Petviashvili (DAKP) hierarchy by means of Lax representation approach. The 
(isospectral) DAKP hierarchy is derived following the basic frame of Sato's theory starting 
from a quasi-difference operator |16[ 118] . However, due to the lack of a neat form of discrete 
derivatives, the non-isospectral flows do not have regular asymptotic properties as the continu- 
ous non-isospectral flows do. We have to choose suitable time evolution for spectral parameter 
so that we can get suitable non-isospectral flows which can be used to construct symmetries. 

This paper is organized as follows. In Sec. 2, we construct isospectral and -non-isospectral 
DAKP hierarchies from a quasi-difference operator. In Sec. 3, we construct two sets of symmetries 
and their Lie algebra for the isospectral DAKP hierarchy. 

2 The isospectral and non-isospectral DAKP hierarchies 

Let us consider the difference analogy of a quasi-differential operator [16] 

L = A + u + mA" 1 + • • • + UjA~ j + • • • , (2.1) 
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where u s =: u s (n, t) = u s (n, t±,t 2 , ■■■) (s = 0, 1, 2, . . .), t = (t%, t 2 , • * • )> each u s varnishes rapidly 
when \n\ — > 00, A denotes the forward difference operator defined by A/(n) = (E — l)/(n) = 
/(n + 1) — /(n) and the shift operator E defined by Ef(n) = f(n + 1). The operators A and 
E are connected by A = E — 1 and AA _1 = A _1 A = 1. Obviously, the r th -powev of L can be 
expressed as 

L r = J2PrA u ) Aj ■ ( 2 ' 2a ) 

where the coefficients p r ,j(u) are uniquely determined by the coordinates Uj (j = 0, 1, 2, . . .) and 
their differences. Here by u we denote [uq, u\, ■ ■ ■ ) T . U can be seperated into 

n 

(L r ) + = J2PrA^ j , (L r )- = L r - (L r ) + , (2.2b) 
3=0 

where ( ) + denotes the nonnegative part of A and ( )_ the residual part. 
In general, the isospectral flows can be obtained from the compatibility of 

L</> = T](f), (2.3a) 

<t> t3 = A s <t>; (2.3b) 

i.e 

L ts = [A s ,L], (2.4a) 
where rj ta = 0, A s = (L s ) + and obviously A s satisfies the boundary condition 

^ S | U=0 = A S . (2.4b) 

The first few explicit forms of A s and equations given by the Lax equation (|2.4ap are[18j 



At = A + u , (2.5a) 
A 2 = A 2 + (Auo + 2uo)A + (Au + Uo + Aiii + 2ui), (2.5b) 
A 3 = A 3 + aiA 2 + a 2 A + a 3 , (2.5c) 



with 



a\ = A 2 uq + 3Auq + 3uq, (2.6a) 

a 2 = 2A 2 u + 3An + 3uq + 3n An + (Au ) 2 + 3ni + 3Am + A 2 m, (2.6b) 
03 = A 2 uq + buQU\ + 3uqAuq + Uq + (Auo) 2 + AuqAui + SuqAui 

+-uiAu + uxE^uq + 2A 2 ni + 3Am + 3u 2 + 3Au 2 + A 2 u 2 ; (2.6c) 



Uo,ti = Qw = Ani, (2.7a) 
v>i,ti = In = Au i + ^ n 2 + uqU\ - UiE~ u , (2.7b) 
U2,h = Qi2 = Au 3 + Au 2 + u u 2 + u\E~ l uo - u 2 E~ 2 u - uiE~ 2 u , (2.7c) 
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uo,t 2 = Q20 = A 2 ni + 2Au 2 + A 2 u 2 + uiAuo + 2ii Aui 

+(Auo)Aui + uqUi — u\E' 1 uq, (2.8a) 
u ljt2 = g 2 i = A 2 m + 2Au 2 + 2A 2 u 2 + 2Au 3 + A 2 u 3 + 2u Aui + Aii Aui 

+2uqU2 + u 2 Auq + 2uoAu 2 + AnoAu 2 + u\Auq + u\Uq + u\ 

+ U\Au\ — U\E~ 2 Uq + U\E~ 1 Uq — U\E~ U% — U 2 E^ 1 Uq 

-u 2 E~ 2 u - uxE^ul, (2.8b) 



From (j2.7l) . we obtain 

til = A- 1 ^, (2.9a) 

Oil 

n 2 = A -^-A —-E n A — + A (u — ), (2.9b) 

Eliminating m, it 2 , • • • from (|2.7a|) . (|2.8a|) . • • • , one can obtain (uq = u, t\ = y)[ISl E] 

it tl = iTi = u y , (2.10a) 
u t2 =K 2 = {l + 2A~ l )u yy -2uy + 2uu y , (2.10b) 



which are isospectral DAKP hierarchy where Eq. (|2.10b|) is the well-known DAKP equation. 

To get the r-symmetries we need to introduce the non-isospectral DAKP hierarchy. In this 
case, we selQ 

r)t r =V r + V r ~ 1 - (2.H) 

Then the Lax equation turns out to be 

L tr = [B r ,L] + L r + L r ~\ (2.12a) 

where 

B r = b A r + & 1 A r ~ 1 + h b r , (r > 0) (2.12b) 



* One may wonder that f|2. 1 1|) is a linear combination and so is the non-isospectral flow ay. Actually, in the 
Lax representation approach we need cr r \ u -o = 0. Suppose that we start from a general form 

T]t T = aif + br] 13 , 

with constants a, b and integers a, (5. Then the Lax equation is 

Lt r = [B r ,L] + aL a +bL fi . 
Noting that L|«=o = A and (|2. 12c[) the r.h.s. of the above equation becomes 

— A r - A r_1 + aA° + bA 13 

when u = 0, which means we have to take a = b = l,a = r, f3 = i — lso that it vanishes. Hence we need the time 
evolution (|2.11|l . 
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in which hi (i = 0, 1, 2, • • • , r) are undetermined functions of coordinates Uj (J = 0, 1, 2, . . .) and 
their differences. B r is imposed the boundary condition 

B r \ u=0 = t 1 A r + nA r -\ (2.12c) 

and then the both sides of the Lax equation (|2.12ap go to zero when u — > 0. 
The first few of B r and equations given by (j2.12aj) are 

Bi = hAx+n, (2.13a) 

B 2 = t 1 A 2 + nA + nu + A _1 it , (2.13b) 
S3 = £1^3 + raA 2 + (2nuo + nAuo + A _1 «o)A + uoA _1 uo + 2raui + hAuq 

+nAu\ — 2u\ — Aui + nu^ — Uq + A _1 (iii — uq + Uq), (2.13c) 



«o,ti = tigio + ^o, (2.14a) 
til,*! = ti?ii + 2«i, (2.14b) 
«2,ti = *l9l2 + «l + 3n 2 , (2.14c) 



wo,t2 = *i<?20 + nAni + - u + 3«i + Au\, (2.15a) 
u i,t 2 = t\q2i + nAu\ + nAu2 + (ra + l)ttoUi + iiiA _1 iio + 2ui + A«2 

+3u 2 + (2 - n)ui-B _1 « - uiE^A^uq + Aiti, (2.15b) 



^o,t 3 = tiQ30 — A 2 uq + tiuqAui + nA(uoU\) + A _1 uoA-ui + uuqU\ + nA 2 ni 
+uiA _1 no — uqAuq — 4nAui — 2u\ — Auq — Au\ + uq — 3uq 
—uuiE uq + u\E uq + uqUi — uiE^ 1 A~ uo + nA 2 ii2 
+2Au 2 + 2u 2 , (2.16) 



Here A\ and qij are described by (|2.5p . (|2.7p and (|2.8p respectively. 

Then substituting (g^j) with ^ = y into (|2.14al) . fl2.15aj) and (pTB]l yields(u = u) 

«ti =o"i = + (2.17a) 

ut 2 = cr 2 = yK 2 + (1 + n)u y + 3A _1 u y + u 2 - u, (2.17b) 



in which, if s are given by (|2.10p . These equations constitute the non-isospectral hierarchy of 
the DAKP system. 

The obtained isospectral and non-isospectral DAKP hierarchies can be expressed through 
Lax equations in the following form 

L'[K S ] = [A S ,L], (2.18a) 
A s \ u=0 = A s ; (2.18b) 
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L'[a r ] = [B r ,L]+L r + U'-\ (2.19a) 
B r \ u=0 = tiA r + nA r_1 , (2.19b) 

which we call Lax representations of flows. 

3 Lie algebra structure of the DAKP system 

In this section, we begin with a discussion of Gateaux derivative concerning the quasi- 
difference operator. Let = and T denote a linear space constructed by all real functions 



/ = f(u) depending on n,t and derivatives and differences of u. /(it) is C°° differentiate w.r.t. 

t and n, and vanishes rapidly when |n| — > oo. The Gateaux derivative of /(it) £ J- in direction 
h G T w.r.t. it is defined as 

f'[h] = ±f( u + eh)\ e=0 , (3.1) 
from which, J- forms a Lie algebra according to the following Gateaux commutator 

[/, <?]=/'[£] -</[/], (3-2) 
where f,g £ J-. For a quasi-difference operator 

P(u) = ^2 P] (u)A\ (3.3) 
its Gateaux derivative in direction h with respect to u is defined by 

Besides, using 

(Pj)'[f}9 = {p'j)'W, (3.5) 

one can get|19] 

{P'[f])'[g]-{P'[g])'[f]=P'[if,gl]. (3.6) 
In addition, it is easy to prove the following lemma. 

Lemma 1. For the quasi-difference operator L defined in (|2.ip . B in the form (|2.12bp and 
X £ J 7 , the equation 

L'[X] = [B,L], B\ u=0 = (3.7) 
only admits zero solution X = 0, B = 0. 

Then, from the Lax representations (|2.18p - (|2.19p . we have the following property. 

Theorem 1. Suppose that 

(A S: A r ) = A' s [K r ]-A' r [K s ] + [A s ,A r ], (3.8a) 

(A,, B r ) = A' s [a r }-B' r [K s ] + [A s ,B r ], (3.8b) 

(B s ,B r ) = B s [a r ]-B' r [a s ] + [B s ,B r ], (3.8c) 
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then we have 



and 



L'[lK s ,K r }} = [{A s ,A r ),L}, (3.9a) 
L'[lK s ,a r }} = [(A s ,B r ),L], (3.9b) 
L'[la s ,a r }} = [(B s ,B r ),L] + ( S -r)L s+r ~ 1 + 2( S -r)L s+r - 2 + (s-r)L s+r - s , (3.9c) 



(A s ,A r )\ u=0 = 0, (3.10a) 
(A s ,B r )\ u=0 = sA^-' + sA^- 2 , (3.10b) 



{B s ,B r )\ u=0 = (s-r) 



ilA s+r_1 + (h + n)A s+r - 2 + nA 



s+i — 3 



(3.10c) 



Proof. We only prove the equalities (|3.9c|) and (|3.10c|) . the others can be obtained in a similar 
way. 

Taking the Gateaux derivative of (I2.19ap in the direction o~ s with respect to u, and noting 

L r '[a s ] = [B s , U\ + rL s+r - 1 + rL s+r - 2 (3.11) 

and 

[[B„ B r ], L] = [B s , [B r ,L]] - [B r , [B s , L]], (3.12) 

we have 

(IrVrDVJ =[KWs],L] + [B r , [B S ,L]] + [B r ,L s ] + [Br,^- 1 ] + [B s ,L r ] +rL s+r - 1 

+ rL s+ '- 2 + [Bs,^- 1 ] + (r - l)L s+r ~ 2 + (r - l)L s+r - 3 . < ' > ''' >> 

Similarly, 

(L'[a s ]y[a r ] =[B' s [a r ],L] + [B s , [B r , L]] + [B s , L r ] + [B s , L' r_1 ] + [B r , L s ] + sL^" 1 

+ sL s+r - 2 + [ J B r ,L s - 1 ] + (s-l)L s+r - 2 + (s-l)L s+r - 3 . ( "' ' 

Then (13~T3J) coupled with (l3~Ti1l yield 

(Z/[er«DVr] - (L'[a r ])'[a s ] = [(B s , B r ),L] + (s - r)^" 1 + 2L S +^ 2 + L s+r - 3 ), (3.15) 

which gives (I3.9cp by using (|3.6|) , Next, noting that K s ,a r € J 7 , i.e., K s \ u= $ = o r \ u= o = 0, from 

(|3.8cp we obtain (|3.10cj) immediately. We complete the proof. □ 

With the above theorem in hand, the algebraic relation of flows K s and a T can be derived. 

Theorem 2. The flows K s and a r form a Lie algebra with structure 

{K s ,K r \ = 0, (3.16a) 

pf s ,cr r ] = sK s+r _ 1 + sK s+r - 2 , (3.16b) 

[cr s ,cr r ] = (s - r)(o- s+r _i + (Js+r-2), (3.16c) 

where s, r > 1 and we set Kq = ctq = 0. 
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Proof. In the light of (|3.7p only admitting zero solution, (|3.9a|) coupled with (|3.10ap possesses 
the same property as well, which means (|3.16a|) holds. 
Next, taking 

6 = lK s ,a r } - sif s+r _i - sK s+r - 2 , (3.17a) 
A = (A s ,B r ) - sA s+r _i - sA s+r - 2 , (3.17b) 

it then follows from (|3.9bjl . (|3.10bp and the isospectral Lax representation ()2.18p that 

L'[9] = [A,L], A| u=0 = 0, (3.18) 

which has only zero solution 6 = and A = 0, and then means A3. 16b j) is true. 
Similarly, taking 

to = {a s ,a r j - (s - r)(a s+r ..i + sa s+r - 2 ), (3.19a) 

B = {B^Brj-is-rXBs+r-t + Bs+r^), (3.19b) 

and noting that B\ u= q = together with (|2,19|) . (|3.9c|) and (|3.1Uc|) . we then have 

L'[u] = [B,L], B\ u=0 = 0. (3.20) 

Hence we get uo = and B = 0, which shows that (|3.16c|) is also correct. Thus we complete the 
proof. □ 

Based on Theorem [21 the symmetries and their algebraic structure for the isospectral DAKP 
hierarchy ut s = K s can be derived immediately. 

Theorem 3. The isospectral DAKP hierarchy ut g = K s can have tow sets of symmetries, K- 
symmetries {Ki} and r-symmetries, = st s K s+r ^i + st s K s+r _2+o- r (I = 1,2, ... , r = 1,2, . . .), 
which form a Lie algebra with structure 

\KuKrl = 0, (3.21a) 
p^,r r s ] = l(K l+r ^ + K l+r _ 2 ), (3.21b) 
[rf,r r s ] = (l- r )(T? +r _ 1 + T? +r _ 2 ), (3.21c) 

where l,r,s > 1 and we set Kq = Tq = 0. Especially for the DAKP equation (|2.10bj) its 
symmetries are K[ and T r = 2tK r+ \ + 2tK r + a T . 

We end up this section by the following two remarks. First, the new time-dependence (|2.1ip 
of the spectral parameter rj leads to the new algebra structure (|3.2ip . which is different from 
the centreless Kac-Moody-Virasoro algebra (cf.[20]) of the DAKP equation given in [18] . and 
also different from the centreless Kac-Moody-Virasoro algebra of the KP hierarchy obtained in 
[15j . Besides, {Ki, K 2 ,rl} compose a subalgebra. This agrees with the symmetry algebra of 
the DAKP equation obtained in [21] where r\ provides an invariability for the DAKP equation 
under a combined Galilean-scalar transformation, and now has got its clear context in the 
Lax representation approach. The second remark is on the relation between the DAKP equation 
and the KP equation. In fact, the DAKP equation was originally proposed by Date, et.al.[22j. 
It was derived from a bilinear identity (discretized by partially imposing Miwa's transformation 
on continuous exponential functions) which is related to the KP hierarchy. However, since in the 
discrete exponential the discrete variables (eg. n, m, I) appear symmetrically and do not repre- 
sent dispersion relation as in the continuous one, therefore there are (sometimes complicated) 
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variable combination and transformation involved in the continuous limit procedure. There have 
been many results on the DAKP equation, such as bilinear form[22j, Sato's approach [16j-[18j, 
Casoratian solutions [2T| I24j . gauge transformation and double Casoratian solutions [23J, and 
also symmetries in the present paper. The relations between these results and those of the KP 
equation will be investigated in detail elsewhere in terms of continuous limit. 



4 Conclusion 

In this paper, by introducing suitable time-dependence rjt r = rf+rf for the spectral parameter 
rj, we obtained non-isospectral DAKP flows {oy} which satisfy a r \ u= o = 0. This enables us to 
construct i<C-symmetries and r-symmetries for the isospectral DAKP hierarchy through the Lax 
representation approach. The obtained symmetries are proved to form a Lie algebra. 
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